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1 Introduction

Recovering a corrupted low rank matrix from a small amount of observations has attracted
alot of attention in many applications, such as online recommendation system and collab-
orative filtering [1], the Joster joke data [2], DNA data [3] and the famous Netflix problem
[4]. This problem is the famous matrix completion (MC) problem, and its mathematical

formula can be expressed as

min ||X||*, s.t. Xl',}' =Ml'
XeRmxn

j bi€S2, (1)
where £2 is a given set of the index pairs (i, /), || X||« is the nuclear norm, which is defined
as the sum of its singular values. Assuming the matrix X has r positive singular values
of 01 > 0y > -+ > 0, >0, we can get | X||. = >_;_; 0;(X). It is well known that the nuclear
norm is the best convex approximation of the rank function over the unit ball of matrices
with norm less than one [5]. Furthermore, a general form of the MC problem is nuclear

norm minimization with affine constraint, which can be depicted as

min [|X|,, s.t. AX)=05, 2)
XeRmxn
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where A : R"”*" — RP is a linear map and b € R? is a given measurement vector. The b is
always contaminated by noise in practical applications, so the problem (2) can be relaxed
to the following regularized nuclear norm minimization problem:

min_ X + 2400 - 5[ 3)
where y is the regularization parameter, which balances the two terms for obtaining the
optimal solution.

Recently, many efficient algorithms could solve this problem (3), such as SDPT3 [6], sin-
gular value thresholding (SVT) [7], fixed point continuation with the approximate SVD
(FPCA) method [5], a proximal point algorithm [8], an accelerated proximal gradient
(APQG) algorithm [9], the alternation direction method of multiplier (ADMM) type of al-
gorithms [10—12], etc. But to the best of our knowledge, there are few studies on the appli-
cation of SC-PRSM for recovering the corrupted low rank matrix problems. In this paper,
we are going to further study the SC-PRSM for the problem (3).

The strictly contractive Peaceman—Rachford splitting method (SC-PRSM) is proposed
in [13] by attaching an underdetermined relaxation factor « to the penalty parameter in
the steps of Lagrange multiplier updating, which guarantees the convergence of PRSM
proposed in [14] without some restrictive assumptions. It is worth mentioning that the
difference between the PRSM and the ADMM is the addition of the intermediate update
of the multipliers, which offers the same set of advantages for the two variable values.
Recently, the SC-PRSM is also widely applied in solving many valuable problems, which
can be referred to [15—18]. In this paper, we focus on applying the SC-PRSM to solve the
problem (3) based on the proposed method of IADM-CG [12]. Moreover, we give some
numerical comparisons to illustrate the advantage of the SC-PRSM for the problem (3).

The rest of this paper is organized as follows. In Sect. 2, we will give some preliminaries
for this paper. In Sect. 3, we will give the construction of SC-PRSM for the problem (3).
Some results of numerical experiments will be reported in Sect. 4. Finally, some conclu-

sions are given.

2 Preliminaries

In this section, we mainly review some preliminaries on the ADMM and the SC-PRSM
for further application of the SC-PRSM. Both of them are applied to solve the following
convex minimization model with linear constraints and a separable objective function:

min{6;(x) + 02(y) | Ax + By=b,x € X,y € Y}, (4)

where A e R™" B e R™" phecR” X Cc R" and Y C R” are closed convex sets, and
01(x) : X > R™ and 6,(y) : Y — R™ are convex functions.
The iterative scheme of ADMM [19, 20] for (4) reads

Xrs1 = argmin{6 (x) — (e) T (Ax + Byx — b) + §||Ax + By - bl x e X},
Yie1 = argmin{6(y) — ()T (Axes1 + By = b) + L[| Axi1 + By - b2,y € V), 5)
Mee1 = Mg — B[Axp1 + Byrs1 — b,
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where the A is the Lagrangian multiplier associated with the linear constrains and the 8 > 0
is a penalty parameter. Moreover we note that the ADMM is viewed as an application of
the Douglas—Rachford splitting method to the dual problem of (4) as analyzed in [21], and
for its convergence performance one may be referred to [22, 23].

Applying the PRSM [24] to the dual problem of (4) [21], we can obtain the iterative
schemes as follows:

Xi1 = argmin{fy (x) — ()T (Ax + Byx — b) + 5[l Ax + Byx — b||%,x € X),

M) = Ak = BlAXis + By = b,

Vi1 = argmin{0r(y) = (g, 1)" (Axes + By = b) + 5| Axisr + By - bl y € V),
Mes1 = Mg, 1 = BlAXki1 + Byri1 — bl,

where updating the A kel is the only difference between the PRSM and the ADMM, which
makes the two variable values to be treated fairly. But the PRSM needs more restrictive
assumptions than ADMM to guarantee convergence [21]. The reader may refer to [24, 25]
for more numerical verifications of the PRSM.

In order to overcome the weakness of a strict contraction of PRSM’s iterative sequence,
He et al. [13] found that when an underdetermined relaxation factor @ € (0, 1) is attached
to the penalty parameter § in the steps of Lagrange multipliers updating in (6), the result-
ing sequence becomes strictly contractive with respect to the solution set of (4). And they
pointed out that the PRSM with an underdetermined relaxation factor can possibly estab-
lish a worst-case O(1/t) convergence rate in a nonergodic sence by the strict property. So
they named this method SC-PRSM in [13] and gave its iterative scheme for (4) as follows:

Xrs1 = argmin{6 (x) — ()T (Ax + Byy — b) + glle + By, - bl x e X},

Ml = Mk = aB[Axk + By = b],

Yest = argmin{6r(y) = (e, 1) (Axesr + By = b) + 5| Axis + By = b|%,y € V),
Mert = Mg 1 — @BlAxk + Byio = bl

where « € (0,1). As showed in [13], the SC-PRSM ensures the sequence generated by (7)
to be strictly contractive with respect to the solution set of (4). And without any further
assumption on the model (4), they established worse-case O(1/¢) convergence rates for
(7). Moreover, the applications of SC-PRSM in machine learning and image processing
illustrated that the SC-PRSM is numerically more efficient. Therefore, in this paper, we
will further study the SC-PRSM for recovering a corrupted low rank matrix.

3 Algorithm

In this section, we will give the processing of extending the SC-PRSM to the problem of
(3) based on the proposed the method of IADM-CG. Firstly, by introducing an auxiliary
variable Y, the problem of (3) can be translated into the following form:

2

: v
min |X[L. + 2 [ AY) - b,

st.X=Y. (8)
Then its corresponding augmented Lagrangian function can be obtained as follows:

LaX.Y,2) = IX]l + 2| AD) - b, - Z.X - 1)+ SIX - VI ©)
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where Z € R"*” is the Lagrangian multiplier, ;« > 0 is the penalty parameter, (-) represents
the inner product of matrices or vectors.
Given {X, Y, Zi}, applying the SC-PRSM for the problem of (8), we can obtain the fol-

lowing iteration equations:

Xiy1 = argmin L4 (X, Yi, Zx), (10)
X

Zpy = Zk = ap(Xiar = Ya), (11)

Yy = argmin £4 (X1, Y, Zy 1), (12)
Y

Zi1 = Zk+% — o (Xie1 — Yis1)s (13)

where « € (0,1) is a relaxation factor. Observing the above iteration scheme, we can note
that the two subproblem with respect to X and Y are mainly needed to solve. And the

problem of minimizing X can be reformulated into

. w
X1 = argmin || X ||, — (Zg, X = Yi) + EIIX - YillF
X

1 2
— argmin | X[, + & HX— <Yk + —Zk) (14)
X 2 H F
Given the singular soft-thresholding operator proposed in [7], we can get
1
Xis1 =S| Y + ;Zk . (15)

Given the X, 1, we can update the Lagrangian multiplier Zk+% by (11). Given {X/M,Z,H% b
we will compute the iteration of Yy,;.
Firstly, we note the augmented Lagrangian function with respect to Y as Q(Y), which is

expressed as

QY) = LaXi1, Y, Zy 1)

- 2w - b]5 - iz,

"
5 X = ¥) + 11X = Y3

W1
2
It is not hard to see that the Q(Y) is a convex quadratic function, its gradient is
G(Y)=Z,1 — (X1 = ¥) + y A*(A(Y) = b).
Let G(Y) = 0, then we obtain
(wI +y(A*A))Y = uXpsr — Zy + v AD, (16)

so the Y, can be expressed as

Yier = (il + y A" A) " (uXi1 = Zy, 3 + v A'D), (17)

Page 4 of 12
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where I is an identity matrix, and A* is the adjoint of .A. It seems that the above linear
system is easy to solve, but it may be expensive to solve directly in practice when the scale
is large. Thus we consider applying the linear conjugate gradient method [12] for solving
E itera'Ei\vely. Now we let C/’\z ul + y A* A, and Dy = ;L)/(lﬁl - Z,H% + y A*b. Let Y, = Yk,
Ry = CYy — Dy and Py = —Ry, and then the sequence {Y;} can be acquired iteratively as

follows:

o (R;,P;)

%= =r.cry

Yin =Y+ ;P

Riy1=CYy1 = Dy, (18)
L (Ri+1,CP;)

,31+1 = (P;,CP;) )

Py = =Ry + Bin Py,

and set Y**1 = Y. It is worth being mentioned that the linear conjugate gradient method
is very efficient to solve the linear system and has good convergence properties, for which
one may refer to [26].

In the last step, we update the Lagrangian multiplier Zx,; by (13).

To sum up, the expending of PRSM for problem (3) has the same form for solving the
two subproblems of X and Y with IADM-CG. The one difference is the addition of the
intermediate update of the multipliers Z, 1. The other difference is adding a relaxation
factor @ € (0, 1) to guarantee the convergence property of the SC-PRSM. Now we give the
iteration scheme of SC-PRSM for solving Eq. (3) as follows:

Initialization: Given Yy, Zp, € >0,y >0, u >0and i. Let C = ul + y(A*A), k = 0.
Step 1. Stop if some terminated condition is satisfied. Otherwise, continue.

Step 2. Compute Xi.; via (15) with the given Y and Z;.

Step 3. Compute Zk+% via (11) with the given X1, Y and Zy.

Step 4.f}iven {)Ek+1, Y/(/,\Z,H%}, let DA= ,LLX/](\H - Zk+% +y A*b, update Yy,1 by (1)—(3).
(1) Let Yy = Yi, Ry = CYy — Dy and Py = —Ry. Let i = 0;

2) ifﬁi > € and i < i are satisfied;

compute ?l by (18);

leti=i+1;

(3) Let Yi1 = Y.

Step 5. Given X1, Yis1, Z,H% , compute Zy, via (13).
Step 6. Let k = k + 1. Turn to Step 1.

Remark 1 In the above scheme, the constants of € and i are to guarantee the exactness of
Yi.,1. Generally in numerical experiments, we set € = 1072 and i = 5 to ensure the availabil-
ity of the proposed algorithm.

At the end of this section, we state the convergence of SC-PRSM without proof. One
should refer to [13] or [15] for more details.

Theorem 1 Let {(X*,Y*,Z¥)} be a sequence generated by SC-PRSM. The sequence
{(X*, YK, Z5)} converges to some {(X*,Y*,Z*)}.

Page 5 of 12
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4 Numerical experiments

In this section, we will report some numerical results on the SC-PRSM for matrix nuclear
norm minimization problems, including the matrix complete problems and the regular-
ized least square nuclear norm minimization in the cases of containing noise and noise-
less. We firstly give the meanings of the different signal and the sets of parameters. The
quantities m and #n represent the dimension of the matrix, and r is the rank of the ma-
trix. We denote by p the number of measurements. Given r < min(m, 1), we can generate
M = MLMg, where the matrices M; € R”*" and M € R”*" are generated with indepen-
dent identically distributed Gaussian entries [12]. The subset £2 of p elements is selected
uniformly at random entries form {(i,j) :i=1,...,m,j =1,...,n}. And the partial discrete
cosine transform (DCT) matrix is chosen as the linear map A. Since the DCT matrix-
vector multiplication is implemented implicitly by FFT, this makes us test the numerical
experiments more efficiently [27]. We get the linear measurements b = A(M) + w, where ®
is the additive Gaussian noise of zero mean and standard deviation o, which will be varied
in different situations.

Now sr = p/(mn) represents the sampling ratio, and dr = r(m + n — r) is the number of
degrees of freedom for a real-valued rank r matrix. As mentioned in [28, 29], the problem
can be viewed as an easy problem when the ratio p/dr is greater than 3. On the contrary, it
is regarded as a hard problem. Another ratio FR = r(m + n —r)/p is also important for suc-
cessfully recovering the matrix M. If FR > 1, it is impossible to recover the matrix because
there is an infinite number of matrices X with rank r with the given entries [5]. There-
fore the FR varies in (0, 1) in this paper. In addition, we take u = 2.5/ min(im, n), y = 2% and
a=0.5.

In all tests, the optimal solution produced by the proposed method is denoted X*. The
relative error is used to measure the quality of X™* to original M, i.e.

X*-M
RelErr = M (19)
IMllF

If the corresponding RelErr is less than 1073, it can be seen that M is recovered successfully
by X*, which has been used in [5, 7]. In all the tests, we take RelErr = 1074 as the terminal
condition. In addition, we apply the same technique for solving the matrix singular value
decomposition (SVD) as in [10, 12, 27, 30]

All numerical experiments were performed under Windows 7 premium and MATLAB
v7.8(2009a) running on a Lenovo laptop with an Intel core CPU at 2.4 GHz and 2 GB

memory.

4.1 Tests on the nuclear norm minimization problems
In this subsection, we mainly solve the problem (3) in different cases to illustrate the effi-
ciency of the SC-PRSM.

In the first test, we mainly use the SC-PRSM for the problem (3) and report the nu-
merical results of the relative error and the estimated rank, which can be seen in Fig. 1.
Here we set m = n = 1000, r = 50, sr = 0.5. Observing Fig. 1, we can get close to the real
rank just in the third iteration, and the relative error reduces to the given measure with
less 20 iterations. So we can conclude that the SC-PRSM is efficient for the nuclear norm

minimization.
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Figure 1 The convergence result of SC-PRSM 51 Estimated Rank
(m=n=1000, r=50, sr=0.5). The upper figure: the
estimation of rank. The lower figure: the relative 50.51
error between the optimal solution and the original
low rank matrix 50
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In the second experiment, we compare the SC-PRSM with the IADM-CG [12] for solv-
ing the problem (3). The numerical results can be seen in Fig. 2. In this test, we apply the
SC-PRSM and the IADM-CG [12] for solving the nuclear norm minimization problems in
the cases of m = n =500, r = 50, sr = 0.5. Then we compare the efficiency of the above two
methods by displaying Fig. 2. From Fig. 2, we can see that the SC-PRSM needs less running
time than the IADM-CG, and the SC-PRSM can attain a better accuracy for the solution.
Thus we can see that the SC-PRSM needs to update the multiplier twice at each iteration,
but it improves the accuracy of the solution of each iteration produced by the primal algo-
rithm. Most of the running time is spent on solving the SVD decomposition of the matrix,
so the SC-PRSM shows some improvement but not too dramatic. In the next test, we com-
pare the SC-PRSM with the IADM-CG, IADM_BB [10] and TADM_NNLS [11] for solving
the nuclear norm minimization with different settings. The numerical results is displayed
in Table 1. Observing Table 1, we can see that the SC-PRSM and IADM-CG needs less
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Table 1 SC-PRSM, IADM-CG, IADM_BB, IADM_NNLS for solving the easy nuclear norm minimization,

m=n
SC-PRSM IADM-CG IADM_BB IADM_NNLS

(m,n) sr p/dr Time RelErr Time RelErr Time RelErr Time RelErr

(128,3) 04 8.64 1.19  887e-4 1028  1.54e-3 1227  3.08e-3 028 9.29e-4
06 130 0.7 9.38e-4 076  945e-4 10.73  1.82e-3 028 7.73e-4
08 173 0.5 7.30e-4 053  6.5%-4 096  9.26e-4 1122 1.00e+0

(256, 5) 04 103 702 993e-4 508 8.08e-4 5193  142e-3 060 6.57e-4
06 155 305 7.66e-4 282 870e-4 567 83%-4 090 8.13e-4
08 207 19 6.69e—4 210 437e-4 427  747e-4 30.6 9.99e-1

(512,10) 04 103 24.2 9.34e-4 26,70  6.14e-4 6450 8.08e-4 284  949%-4
06 155 16.9 591e-4 1793  860e—4 4030 7.53e-4 368 6.7%-4
08 207 10.6 6.05e—4 11.05  9.28e-4 2279  9.18e-4 13314  997e-1

(1024,20) 04 103 1328 951e-4 13819 848e-4 30147 957e-4 1830 7.86e-4
06 155 753 9.12e-4 7950 866e-4 17930 8.62e-4 1701 848e-4
08 207 549 5.72e-4 5526  927e-4 11930 9.20e-4 72888  9.98e-1

Table 2 SC-PRSM, IADM-CG, IADM_BB, IADM_NNLS for solving the hard nuclear norm minimization,
m=n

SC-PRSM IADM-CG IADM_BB IADM_NNLS

m,r) sr p/dr Time RelErr Time RelErr Time RelErr Time RelErr

(

( ) 0.5 263 6.7 2.29e-3 7.75 2.29e-3 845 4.55e-3 14.52 1.10e-1
( ) 0.5 263 4.8 9.70e-4 2539 1.03e-3 30.27 2.05e-3 19.77 261e-2
(300, 30) 0.5 263 89 7.60e-4 8.99 9.28e-4 75.19 1.36e-3 47.95 1.62e-2
( )

( )

0.5 263 14.6 8.38e-4 17.04 8.93e-4 64.25 9.9%-4 9531 507e-3
0.5 263 229 943e-4 30.00 8.11e-4 62.22 9.96e-4 58.31 9.96e-4

computing time than the IADM_BB for getting the same accuracy of the solution. Com-
paring SC-PRSM with IADM_NNLS, we can note that SC-PRSM needs more running
time but it can solve the case of the sr = 0.8 successfully. However, the IADM_NNLS can-
not attain a high accuracy of the solution within the given largest iteration steps. So in
some sense, the SC-PRSM is more efficient.

In the fourth test, we compare SC-PRSM with IADM-CG, IADM_BB and IADM_NNLS
for solving the hard problem of the nuclear norm minimization. From Table 2, it is easy
to see that the SC-PRSM is more efficient than the IADM_NNLS and IADM_BB in the
aspects of running time and accuracy of solution. And the SC-PRSM needs a little bit
less running time than IADM-CG for getting a similar accuracy of solution. By the above
limited numerical tests, it is illustrated that the SC-PRSM is promising and efficient for
solving the hard problems of nuclear norm minimization.

In the last numerical test of this subsection, we apply the SC-PRSM for solving the
nuclear norm minimization with different level noise. We set m = n = 200 and o =
107%,1072,107%, respectively. It can be observed from Fig. 3 that the SC-PRSM can deal
with the nuclear norm minimization problem with ¢ = 0.1 successfully. As is well known,
as the level of noise is lower, the problem can be solved more easily. When the o is 107,
the accuracy of solution can attain 10~%. Therefore, this numerical test illustrated that the

SC-PRSM is efficient for solving the low rank minimization problem with Gaussian noise.
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Figure 3 SC-PRSM for the nuclear norm
minimization with noise (m=n=200,r =5, sr=0.5),
o is 1e-1,1e-2, 1e-4, respectively

RelErr

0 5 10 15 20 25 30 35 40 45 50
iter

Table 3 SC-PRSM, IADM-CG, IADM_BB and IADM_NNLS for solving the matrix completion problems,
m=n,sr=05

SC-PRSM IADM-CG IADM_BB IADM_NNLS

(m,n) p/dr Time RelErr Time RelErr Time RelErr Time RelErr

(500, 5) 25.13 4.40 8.83e—4 4.82 392e-4 9.15 9.13e-4 0.38 6.06e—4
(500, 10) 12.63 5.00 8.72e-4 5.15 9.95e—4 7.51 9.12e-4 0.52 571e-4
(500, 15) 846 4.80 9.28e-4 512 9.93e-4 7.74 9.08e-4 0.70 5.17e-4
(500, 20) 6.38 5.19 7.12e-4 5.60 9.12e-4 8.25 9.29e-4 0.82 7.24e-4
(500, 25) 513 5.12 7.70e-4 5.89 1.00e-3 940 907e-4 137 6.45e-4
(500, 30) 430 6.75 8.46e—4 8.72 8.63e—4 12.24 8.67e-4 1.66 9.76e-4
(500, 35) 3.70 740 9.06e-4 8.56 8.16e—4 11.83 9.53e-4 2.66 8.95e-4
(500, 40) 3.26 8.10 9.89%e-4 11.65 8.00e—4 15.04 9.72e-4 3.74 9.12e-4
(500, 45) 291 8.60 842e-4 11.59 9.69e—4 15.78 947e-4 7.24 9.66e—4
(500, 50) 2632 11.16 9.52e-4 13.35 9.75e—4 18.17 9.8%e-4 17.21 991e-4

4.2 Tests on the matrix completion problems

In this subsection, we will apply the SC-PRSM for solving the matrix completion prob-
lems and further verify the proposed method. The matrix completion problem can be
reformulated as follows:

. YV 2 .
min XL+ 5(% 1Xij - Mij*, V(ij) € £2. (20)
Lj)e

Firstly, we use the SC-PRSM, IADM_NNLS, IADM_BB and IADM-CG to solve the low
rank matrix completion problems in the noiseless case. In this test, when tol reaches 1e-3,
the SC-PRSM, IADM-CG and IADM_BB are terminated. For IADM_NNLS, all parame-
ters are by default expected to have opts.tol_relchg = 1e-3.

Observing Table 3, the SC-PRSM is better than the IADM-CG and IADM_BB on the
aspects of running time and accuracy of solution, but it needs more running time than
IADM_NNLS. From the end line of Table 3, we can see that the SC-PRSM is more efficient
than others for solving the hard problems. Thus we can conclude that the SC-PRSM is
more efficient than IADM-CG and IADM_BB and comparable with IADM_NNLS by the
limited tests.

In the last test, the numerical results are shown in Fig. 4. We apply the SC-PRSM for
recovering the corrupted images, where the dimension of “boat” and “pentagon” is 512 x
512 and 450 x 450, respectively. Firstly, we deal with the original image (a) by singular value
decomposition to get a low rank image (b), where the rank is 40. And then we choose 50%
elements of the known observations to obtain the corrupted image (c). Finally, we use the
SC-PRSM to recover (c) and get a completed low rank image (d). Comparing (b) with (d),
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Figure 4 (a) Original image; (b) low rank image with r = 40; (c) the corrupted image with sr = 50%; (d) the
recovered image by SC-PRSM

we can find that the SC-PRSM can recover the corrupted low rank image successfully,
which further illustrates its practicability.

5 Conclusions
In this paper, we mainly devoted our attention to proposing a SC-PRSM method based
on the IADM-CG for solving the nuclear norm minimization problem, which expanded
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the SC-PRSM to recover the corrupted low rank matrix. The classical ADMM is to solve
the X-subproblem and Y-subproblem orderly and then to update the Lagrange multi-
plier. However, the SC-PRSM updates once the Lagrange multiplier after computing the
X-subproblem and Y -subproblem, respectively. We introduce the relax factor « into the
computing of the Lagrange multiplier for improving the convergence efficiency of the pro-
posed method. Numerical results illustrated that the SC-PRSM can solve the nuclear norm
minimization problems successfully. The last real test on recovering the corrupted low
rank images further demonstrated the efficiency and practicability of SC-PRSM.
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